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Abstract The fast marching method (FMM) for determining minimum-cost paths
has been extended to compute the minimum-energy reaction coordinates in chemi-
cal reactions. This was accomplished by building an interface between FMM and the
Gaussian program. We demonstrate the new method using an SN 2 reaction, the isom-
erization of HSCN to HNCS, and a gas-phase rearrangement reaction of relevance in
mass spectrometry.

Keywords Fast-marching method · Minimum energy path · Intrinsic reaction
coordinate · Reduced potential energy surface

1 Introduction

The multidimensional potential energy surface (PES) of a molecular system contains
important information about the geometries and relative energies of its locally stable
structures, as well as the reaction paths between them. When the reactants and prod-
ucts are known, the chemical reaction coordinate is often associated with the minimum
energy path (MEP) connecting the reactant to the product. Once the MEP has been
found, one knows the reaction mechanism, which is ordinarily characterized in terms
of the local energy minima (reactive intermediates) and energy maxima (transition
states) along the reaction path. One can also use the MEP to estimate the rate of
reaction (using transition state theory).

Unfortunately, finding the minimum-energy reaction path is generally difficult. For
simple reactions or reactions in which abundant experimental information is available
beforehand, one can often make a “good guess” for the reaction path and then refine it
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using a method like the nudged elastic band [1–4] or the quadratic string method [5–8].
In other cases, one can profitably use methods like coordinate driving [9], eigenvector-
following techniques [10–13], or synchronous transit-guided Quasi-Newton [14,15]
to locate the transition state; the ordinary intrinsic-reaction coordinate (IRC) algo-
rithm [16–19] then suffices to find the minimum energy path. This approach, however,
does not work for multi-step reaction mechanisms. While two-point methods like
the quadratic string method are perfectly valid even for complex multi-step reaction
mechanisms, finding a “good guess” for the reaction path becomes exponentially more
difficult as the complexity of the reaction mechanism increases. We would like to have
a more robust way to determine reaction paths for complex reaction mechanisms.

Recently, we have proposed adapting the fast-marching method (FMM) to deter-
mine minimum-energy reaction paths in complex multi-step reactions [20–25]. The
fast-marching method is a numerical scheme for solving the nonlinear eikonal equation
and related static Hamilton-Jacobi equations [26–29]. By defining an energy-cost func-
tion between the reactant and any other point, the fast marching method can transform
the potential energy surface (PES) or free energy surface to an energy-cost surface.
Unlike the multi-well PES, the energy-cost surface is a conical surface with a single
minimum (the starting point, which is ordinarily either the reactant or the product of
the chemical reaction). Moreover, given any molecular configuration, the minimum
energy path is simply located by finding the steepest-descent path on the energy-cost
surface. The process of finding this steepest-descent path is called backtracing.

In previous work, we applied the FMM method to some analytical two-dimensional
potential energy surfaces [22]. Those results were quite favorable, so we elected to
extend the method to higher-dimensional PES and interface the method with an elec-
tronic structure theory program, so that we could explore reactions for which analytical
PES are unavailable. This paper reports our efforts in these directions. We have also
worked on developing interpolation methods to reduce the number of quantum chem-
istry calculations that are needed to model the potential energy surface; those results
have been reported separately [24,30]. Escobedo has also applied the fast-marching
method to chemical dynamics, but his focus is primarily chemical waves in inhomo-
geneous reactive media, not reaction-pathway determination [31].

In the next section of this paper, we will briefly review the FMM methodology.
Then we will present applications to three chemical reactions, of increasing complex-
ity. We conclude with some comments on the extensions and improvements that we
are currently pursuing.

2 The fast-marching method

We define the cost function at R as the “minimum cost” required to attain this config-
uration starting from configuration R0:

Un(R) = min
︸︷︷︸

CR0,R(s)

L
∫

0

{
√

2(E − V (C(s)))
}n

ds. (1)
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Here the minimization is over all paths, CR0,R (s), that start at R0 and end at R, E is
the total energy of the system, V (R) is the potential energy surface, and L is the path
length [22] (So CR0,R (0) = R0 and CR0,R (L) = R). The path integral problem, (1),
can be conveniently restated as an eikonal equation, namely,

|∇Un(R)| =
{
√

2(E − V (R))
} n

(2)

The energy-cost of the reactant is zero by definition (U (R0) = 0); this is the boundary
condition for the eikonal equation.

This eikonal equation describes wavefront propagation with the local speed func-
tion 1

{√2(E−V (R))}n . To locate the MEP, we need the cost of molecular configurations

with higher potential energy to be infinitely larger than the cost of configurations with
lower potential energy (Equivalently, we need for configurations that are lower in
energy to be attained infinitely faster than configurations that are higher in energy).
This can be achieved by letting n → −∞, which ensures that higher energy paths in
Eq. 1 are cut off from the set of paths (CR0,R), giving only the MEP. Of course, in
computational implementations we will choose n to be a sizeable (but non-infinite)
negative number. In practice, it seems that results are usually good as soon as n is less
than minus ten.

Solving this eikonal equation transforms a multi-well potential energy surface,
V (R), into a conical energy-cost surface U (R). Information about the fast-marching
scheme for the 2-dimensional eikonal equation can be found in Refs. [22,23]. Our
previous implementation required a complete PES scan in advance, which is very
expensive and tends to fail at some regions (e.g., maxima on the PES). In order to
apply the fast marching method to arbitrary dimensional PES of chemical reactions,
we need two key innovations: first we need an improved upwind derivative formula so
that we can solve the d-dimensional eikonal equation. Second we need to interface the
fast-marching program with a quantum chemistry package (we are using Gaussian 03)
so that the potential energy can be computed at molecular configurations of interest.
The new FMM program doesn’t compute the complete PES; instead it will push the
advancing wavefront outward along the equipotential contours and call Gaussian 03
to calculate the potentials of the points on the front. The energy-cost values are then
computed by solving the eikonal Eq. 2.

We need to solve the eikonal equation using an upwind finite difference approxi-
mation, which will preserve the causality of the solutions. To do this, we discretize
the eikonal equation as follows:

(

(U − a1)
+

d R(1)

)2

+
(

(U − a2)
+

d R(2)

)2

+ · · · +
(

(U − ad)+

d R(d)

)2

= [2(E − V (R))]n (3)

Here d R(i) is the i th component of the grid size vector dR; ai is the smaller cost
value of point R′s two neighbouring points in dimension i, ai = min(Uleft, Uright),

(U − ai )
+ = (U − ai ) if U > ai and (U − ai )

+ = 0 otherwise (That is, (U − ai )
+ =

max(0, U − ai )). The “upwind finite difference,” (U − ai )
+, enforces the causality

condition in the fast marching method, which means the cost can only increase while
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the interface moves outward. In other words, for the point in question, its unknown
cost value U has to be greater than the cost value, ai , of its known neighbouring point;
if ai > U , then the cost value of this neighbouring point must not be known either.
We can not use an unknown point, so we discard it by letting (U − ai )

+ = 0. This is
the idea behind the upwind finite difference approximation.

Equation 3 can be solved in an iterative way. First the a′
i s are sorted in increasing

order. Start from j = 1 and solve the truncated equation:

(

(U − a1)
+

d R(1)

)2

= [2(E − V (R))]n (4)

If the solution U1 ≤ a2, then U1 ≤ a3 ≤ · · · ≤ ad and U = U1 is also the solution
to Eq. 3. If U1 > a2, then let j = j + 1, and continue to solve the truncated equation
with 2 terms on the left side. This process is repeated until we find the j th solution
U j ≤ a j+1, 1 ≤ j ≤ d.U = U j is the solution to Eq. 2.3 [29].

After computing the energy-cost values of all points on the interface, the heapsort
technique is used to sort these values to find the point with minimum cost (thus the
maximum local speed). The FMM program then accepts this point and calls Gaussian
03 to compute the potentials at any neighboring points where the potential is unknown.

The FMM loop is then repeated, and the set of points for which the energy cost,
U j , is known systematically expands until the product is found.

Conceptually, we imagine slowly adding water to the reactant valley; the “water”
level will keep going up, wetting the contours of the potential energy surface as it
does so. Eventually the water level will rise to the level of the lowest-energy transition
state, which is the lowest “mountain pass” for exiting the reactant valley. At this stage
a narrow thread of water will follow the steepest-descent path to the bottom of the
next valley. This process is mimicked by the FMM procedure. In FMM, the “energy
cost” contours to record which portions of the potential energy surface are “flooded”
at any given point in time.

Notice that only the “flooded” portion of the surface needs to be computed. This
reduces the computational cost significantly. Moreover, the method is amenable to
parallel computation: since the “beach” where the water meets the land expands in
many directions at once, many different potential energy calculations can be performed
simultaneously.

3 Applications

To demonstrate our revised and extended FMM program, we will give some examples
using reduced 2-dimensional and 3-dimensional PES. Our FMM program is interfaced
with Gaussian 03 [32]. All Gaussian calculations were done using density-functional
theory (BhandhLYP/6-311++G**) [33–37]. The “half and half” hybrid functional has
less self-interaction error than the more popular hybrid functionals (like B3LYP).
This is believed to be important for modeling the transition state structures where
the exchange-correlation hole is delocalized [38–41] (The SN 2 reaction is a classic
example of such a transition state).
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Fig. 1 The potential energy surface of the SN 2 reaction based on C–F and C–Cl bond lengths. The grid
sizes on both dimensions are dR = 0.01 Å. The calculation starts from the reactant (R), fills the reactant
valley, breaches the reaction barrier at the transition state (TS), and then “flows” down to the product (P).
The FMM program transforms this PES to an energy-cost surface (Fig. 2)

3.1 The SN 2 reaction

The mechanism of the SN 2 reaction has been studied extensively by experimental and
theoretical methods, so it is a good test for our method. This is a one-step reaction, so
we expect two minima (the reactant R and product P) and one transition state (TS) on
the PES.

F C
H

H

H

ClC

H
H

H

F Cl C

H H

H

ClF

(R) (TS) (P)

(5)

In this reaction, only C–F and C–Cl bonds are involved in bond-breaking and
bond-forming, so the PES of this reaction can be modelled using a 2-dimensional
reduced potential energy surface based on the C–F and C–Cl coordinates [42]. At
each grid point, we will freeze the C–F and C–Cl bond length at the given val-
ues and minimize the energy with respect to the other coordinates. The 2-dimen-
sional reduced PES and the MEP computed by the FMM program are depicted in
Fig. 1. About 20% of grid points are in the “flooded” region and are computed
by Gaussian 03. The energy-cost surface with the reactant (R) as starting point
and the MEP found on this surface are shown in Fig. 2. Plotting the change in
potential energy along the MEP gives the energy profile of the reaction coordinate
(Fig. 3).
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Fig. 2 The energy-cost surface transformed from the PES on Fig. 1. The MEP is determined by backtracing
from the product to the reactant along the steepest descent path on the energy-cost surface

Fig. 3 The energy profile of the SN 2 reaction 8

3.2 The isomerization of HSCN to HNCS

Wierzejewska and Moc reported 9 isomers of HSCN [43]. For the isomerization reac-
tion of HSCN to HNCS, they proposed two competitive mechanisms. The first one is
a one-step mechanism,

H

S C
N

H
N C S

H

S
C

N (6)
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Fig. 4 The reduced 2-dimensional PES for the isomerization of HSCN to HNCS, based on H–S and H–N
bond lengths

Fig. 5 The energy profile for the isomerization of HSCN to HNCS

The second mechanism is a two-step mechanism with a ring structure intermediate,

H

S C
N

H
N C S

H

S C

N
TS1 TS2

(7)

According to Wierzejewska and Moc [43] the first mechanism has the lower energy
barrier. We will test this conclusion using the FMM program. The H–S and H–N bond
lengths are chosen as the key coordinates. Figure 4 shows the reduced 2-dimensional
PES based on these two key coordinates and the MEP found on the energy-cost sur-
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face. The results are similar to those from previous studies, but the FMM program
only computes about 30% of the grid points.

The energy profile of the reaction coordinate is shown in Fig. 5.

3.3 The dissociation of ionized O-methylhydroxylamine

One strength of the FMM approach is that it can be applied to any number of dimen-
sions. The cost, of course, will grow exponentially with increasing dimensionality
because of the increasing number of stationary points on the potential energy surface,
and the results become increasing difficult to visualize as dimensionality increases
[44]. As a simple example that is neither too expensive nor too difficult to visualize,
we consider the dissociation of [CH5NO]+•.

The PES of [CH5NO]+• has been studied using mass spectrometry and theoretical
methods [45]. The following dissociation reaction has been observed,

[CH5NO]+• → [CH2NH2]+ + OH• (8)

and the mechanism proposed for this dissociation reaction is [45]

CH3−O−NH+•
2 → •

O − +
N H2−CH3 → H

•
O −NH2 − +

C H2 → H
•
O + NH2

+
C H2

(9)

Fig. 6 The isosurface with a potential value of −170.534 Hartrees, which is one layer of the reduced
3-dimensional PES for the dissociation reaction of ionized O-methylhydroxylamine. The 3-dimensional
equi-potential surfaces have an onion-like structure. Each layer of the “onion” represents a certain value of
the potential energy. The cores of the “onions” are minima on the PES
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Fig. 7 The energy profile of the dissociation reaction of ionized O-methylhydroxylamine

We selected the bond lengths C–N, N–O and O–H as the key coordinates, then
performed FMM on the 3-dimensional reduced PES defined by these points. The
3-dimensional equi-potential surfaces have onion-like structures. Each layer of the
“onion” represents a certain value of the potential energy. Figure 6 shows one layer
of the “onion” with a potential value of −170.534 Hartrees. The cores of onions
represent minima on the PES. We can see that there are 4 minima on this PES, the
reactant (R), two intermediates (I, II), and the product (P). By examining the structures

obtained, we deduce that intermediate (I) and (II) coincide with
•
O − +

N H2 − CH3 and

H
•
O −NH2 − +

C H2, respectively. The FMM calculation confirms that the mechanism
in (9) is the minimum energy reaction pathway.

Figure 7 shows the energy profile along the dissociation pathway in Rxn (9). This
sort of several-step reaction is very difficult for most reaction-path methods, but FMM
works just as well for this reaction as it does for the much simpler isomerization of
HSCN.

4 Conclusion

The fast marching method (FMM) is a very general method for finding the minimum
energy path (MEP). Without any information about the mechanism in advance, it can
find the minimum energy reaction path linking the reactant and any other point on
the potential energy surface (PES). Due to its reliable and unbiased nature, the fast
marching method can find the minimum energy path for any kind of chemical reac-
tions. However, the computation cost of FMM is relatively high because a significant
portion of the potential energy surface has to be computed in order to rigorously
determine the MEP. This is especially true for 3 or higher dimensional PES.
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The computation of points on the potential energy surface is several orders of mag-
nitude more costly than solving the eikonal equation or performing the heap sort. Thus,
before we make routine applications to higher-dimensional PES and more complicated
molecules, we need to reduce the number of potential-energy computations that are
required. Using a combination of moving-least-squares [46–50] and Shepard interpo-
lation [51,52] reduces the number of potential energy computations that are required
[24]. We can also reduce the cost of this method by performing potential energy com-
putations all along the expanding front concurrently, with each point on the expanding
front assigned to a different processor, and/or by parallelizing the constrained geom-
etry optimizations that are needed to construct the reduced potential energy surfaces
[53]. It is also useful to run the fast-marching method on a relatively course grid, and
then refine the estimates of the geometries and energies of the transition states using
conventional methods (One such method, recently developed in our group, exploits
the same “reduced potential energy” structure as the underlying FMM approach [54]).
Finally, in cases where the full reaction path is not needed, and it suffices to only
characterize the preferred mechanism and the transition state of the rate-limiting step,
dual grid methods like the boundary-low-path method may be preferred [30].
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